100. The heat equation An important partial differential equation
that describes the distribution of heat in a region at time 7 can be
represented by the one-dimensional heat equation

of _ 92f
o ox*

Show that u(x,7) = sin(ax) - e~ satisfies the heat equation
for constants «v and (5. What is the relationship between o and 3
for this function to be a solution?

xy?
— (x, = (0,0
101. Let f(x,y) = {x2 + y* (x.7) = (0.0)
0, (x,y) = (0,0).
Show that f,(0,0) and £, (0,0) exist, but f is not differentiable

at (0,0). (Hint: Use Theorem 4 and show that f is not continu-
ous at (0,0).)

m The Chain Rule
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0, x2 < y<2x?

102. Let f(x.y) = {1 otherwise

Show that £, (0,0) and £, (0,0) exist, but f is not differentiable
at(0,0).

103. The Korteweg—de Vries equation
This nonlinear differential equation, which describes wave
motion on shallow water surfaces, is given by

u, +u,, +12uu, = 0.

Show that u(x,7) = sech?(x — 1) satisfies the Korteweg—de
Vries equation.

104. Show  that T = ——1

x2 + y?

satisfies  the  equation

T, +T, =T

The Chain Rule for functions of a single variable studied in Section 3.6 says that if
w = f(x)is a differentiable function of x, and x = g(¢) is a differentiable function of ¢,
then w is a differentiable function of #, and dw/dt can be calculated by the formula

To find dw/dt, we read down the route

from w to ¢, multiplying derivatives
along the way.

dw _ dw dx

dt dx dt’

For this composite function w(t) = f(g(¢)), we can think of ¢ as the independent variable
and x = g(¢) as the “intermediate variable” because ¢ determines the value of x that in turn
gives the value of w from the function f. We display the Chain Rule in a “dependency
diagram” in the margin. Such diagrams capture which variables depend on which.

Chain Rule . ; . .
e For functions of several variables the Chain Rule has more than one form, which
w=f(x) Dependent depends on how many independent and intermediate variables are involved. However,
variable once the variables are taken into account, the Chain Rule works in the same way we just
dw discussed.
dx
I di . .
x mermediate Functions of Two Variables
variable
dx The Chain Rule formula for a differentiable function w = f(x,y) when x = x(#) and
ar y = y(t) are both differentiable functions of ¢ is given in the following theorem.
Independent
! variable
dw _ dw dx
dt — dx dt

of t and

or

THEOREM 5—Chain Rule for Functions of One Independent Variable and
Two Intermediate Variables

If w = f(x,y) is differentiable and if x = x(¢), y = y(¢) are differentiable
functions of ¢, then the composition w = f(x(), y(¢)) is a differentiable function

- = L (2@, yO)X'@) + f, (x(0), y(@0))y' (@),

dw _ 0f dx
dt Ox dt

of dy
Oy dt’
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Each of 8—f, 6_w’ f, indicates the partial
Ox Ox

derivative of f with respect to x.

To remember the Chain Rule, picture the
diagram below. To find dw/dt, start at w

and read down each route to 7, multiply-
ing derivatives along the way. Then add
the products.

Chain Rule

w = f(x,y) DePendent
variable

Intermediate
variables

Independent
variable

t

dw 0wdx+6_wﬂ

dt dx dt dy dt

Proof The proof consists of showing that if x and y are differentiable at # = ¢, then
w is differentiable at ¢, and
dw ow dx ow dy
—(ty) = —(Py)—(t —(Py)—=(t,),
dt(O) 8x(0)dt(0)+8y(0)dt(0)
where Py, = (x(t,), y(t,)).
Let Ax, Ay, and Aw be the increments that result from changing ¢ fromz, to ¢, + At.
Since f is differentiable (see the definition in Section 14.3),

Aw = 3—W(PO) Ax + a—W(PO)Ay + e, Ax + &, Ay,
ox dy

wheree;,e, — 0as Ax, Ay — 0.To find dw/dt, we divide this equation through by Az
and let Ar approach zero (therefore, Ax and Ay approach zero as well since the fact that
x(t) and y(t) are differentiable implies that they are continuous). The division gives

Aw Ax Ay

ow Ax  Ow Ay
Aw _ 0w p AX | OW p Ay | DX .
Ar - ax TR T PR TR T O,

Letting At approach zero gives

dw o Aw
ar o) = lim
_ow

dx ow dy dx dy
P,)—= =—(Py)—= 0. = 0 =(t,). |
8x( o)dt(to)+ ay( o)dt(lo)Jr dt(t°)+ dt(to)

Often we write Ow/Jx for the partial derivative J f /0x, so we can rewrite the Chain
Rule in Theorem 5 in the form

dw _ Owdx , Owdy
dt Oxdt Oydt

However, the meaning of the dependent variable w is different on each side of the preced-
ing equation. On the left-hand side, it refers to the composite function w = f(x(z), y())
as a function of the single variable 7. On the right-hand side, it refers to the function
w = f(x,y) as a function of the two variables x and y. Moreover, the single derivatives
dw/dt, dx/dt, and dy/dt are being evaluated at a point ¢, whereas the partial derivatives
Ow/Ox and Ow/Oy are being evaluated at the point (x,,y,), with x, = x(z,) and
Yo = Y(t,). With that understanding, we will use both of these forms interchangeably
throughout the text whenever no confusion will arise.

The dependency diagram on the preceding page provides a convenient way to
remember the Chain Rule. The “true” independent variable in the composite function is
t, whereas x and y are intermediate variables (controlled by #) and w is the dependent
variable.

A more precise notation for the Chain Rule shows where the various derivatives in
Theorem 5 are evaluated:

dw of dx of dy
—( - = 5 — (1 A ) — (7 )
dt(o) 5x(x0 yO)dt(0)+8y(x0 yO)dt(O)
or, using another notation,
dv| _of| x| L0 v
drly, Oxl(xg.yg) dtlyy Oy (x0-¥0) dtly,




Here we have three routes from w to
t instead of two, but finding dw/dt is
still the same. Read down each route,

multiplying derivatives along the way;
then add.

Chain Rule
w=f(x,y,z) Dependent
variable
Intermediate
variables
Independent
! variable
dw _dwdx | owdy | owdz
dt ~ ax dt ' 9y dt ' 9z dt
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EXAMPLE 1 Use the Chain Rule to find the derivative of

w = Xxy
with respect to ¢ along the path x = cos?, y = sint. What is the derivative’s value at

t = w27

Solution  We apply the Chain Rule to find dw/dt as follows:

dw _ owds | Owdy
dt Ox dt Oy dt
— ag;y)%(cos )+ —aéxyy)%(sin 1)

= (y)(—sint) + (x)(cost)
= (sint)(—sint) + (cost)(cost)

—sin?t + cos?t
cos 2t.

In this example, we can check the result with a more direct calculation. As a function
of ,

w = Xy = costsint = %sinZt,

SO

dw d(l
dt dt

—sin 2t) = l(2c0s 2t) = cos2t.
2 2

In either case, at the given value of 7,

dw
dt

= cos(2£) =coswm = —1. |
t=m/2

Functions of Three Variables

You can probably predict the Chain Rule for functions of three intermediate variables, as it
involves adding the expected third term to the two-variable formula.

THEOREM 6—Chain Rule for Functions of One Independent Variable and
Three Intermediate Variables

Ifw = f(x,y,z)is differentiable and x, y, and z are differentiable functions of 7,
then w is a differentiable function of ¢, and

dw _ Owdx
dt Ox dt

owdy
dy dt

Owdz
Oz dt’

The proof is identical to the proof of Theorem 5, except that there are now three inter-
mediate variables instead of two. The dependency diagram we use for remembering the
new equation is similar as well, with three routes from w to ¢.

EXAMPLE 2 Find dw/dt if

w = xy + z, X = coSst, y = sint, 7 =t
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In this example the values of w(z) are changing along the path of a helix (Section 13.1) as ¢
changes. What is the derivative’s value att = 0?

Solution  Using the Chain Rule for three intermediate variables, we have

dw _ Owdx  Owdy , Owdz
dt  Oxdt Oydt 0Ozdt

= (y)(—sint) + (x)(cost) + (H(1)
= (sint)(—sint) + (cost)(cost) + 1

Substitute for intermediate

variables.
= —sin?t + cos?t + 1 = 1 + cos2t,
SO
dw _ -
— =1+ cos(0) = 2. |
dtli—o

For a physical interpretation of change along a curve, think of an object whose posi-
tion is changing with time z. If w = T'(x, y, z) is the temperature at each point (x, y, z)
along a curve C with parametric equations x = x(¢),y = y(¢), and z = z(¢), then the
composite function w = T (x(¢), y(¢), z(¢)) represents the temperature relative to 7 along
the curve. The derivative dw/dt is then the instantaneous rate of change of temperature due
to the motion along the curve, as calculated in Theorem 6.

Functions Defined on Surfaces

If we are interested in the temperature w = f(x,y, z) at points (x, y, z) on Earth’s sur-
face, we might prefer to think of x, y, and z as functions of the variables r and s that give
the points’ longitudes and latitudes. If x = g(r,s),y = h(r,s), and z = k(r,s), we
could then express the temperature as a function of » and s with the composite function

w = f(g(r,s), h(r,s), k(r,s)).

Under the conditions stated below, w has partial derivatives with respect to both r and s that
can be calculated in the following way.

THEOREM 7 —Chain Rule for Two Independent Variables and Three
Intermediate Variables

Suppose thatw = f(x,y,z), x = g(r,s),y = h(r,s),andz = k(r,s).Ifall
four functions are differentiable, then w has partial derivatives with respect to r
and s, given by the formulas

dw _ dwox | owdy , dwdz
ar oxdr Oy or 0z 0Or
dw _ owdx  owdy | dwds
Js Ox0s Oyds 0z 0s

The first of these equations can be derived from the Chain Rule in Theorem 6 by
holding s fixed and treating r as ¢. The second can be derived in the same way, holding r
fixed and treating s as r. The dependency diagrams for both equations are shown in
Figure 14.22.



Dependent
variable

Intermediate
variables

Independent
variables
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w oz
dz ds

w=fx,y,2)
[v]
f
____________ |
AEINEIRELE
r s
w = f(g(r, s), h(r, ), k(r, 5)) w _dwox  dwdy , dw oz ow _dwox  dwdy |
Jr  dx dr 8y dr  Jz Or as dx 0s dy ds
(a) (b) (©)
FIGURE 14.22 Composite function and dependency diagrams for Theorem 7.
EXAMPLE 3 Express Ow/0r and Ow/0s in terms of r and s if
w=x+2y+ z2% xzz, y=r2+Ins, z = 2r.
s
Solution  Using the formulas in Theorem 7, we find
Ow _ dwox | Owly  Owdz
or Ox Oor 9dyOdr 0z Or
1
= O[]+ @@ + 2@
= l + 4r + (4r)(2) = 1 + 12r Substitute for intermediate variable z.
s s
Ow _ 9wdx  Owly  Owdz
ds Ox ds O0yds 0z 0s

Chain Rule

w=f(xy)

r

aw Jw dx

ar dx Jdr

aw ay
Jdy or

FIGURE 14.23 Dependency diagram for
the equation

Ow _ dwdx

ow _ Owdy
or dOx Or

dy or’

= (-5)+ @[3+ 2o = 2

r
2

If f is a function of two intermediate variables instead of three, each equation in

Theorem 7 becomes correspondingly one term shorter.

Ifw = f(x,y),x = g(r,s),andy = h(r,s), then

dw _ dwdx  owdy w _ Owox

_ _ Owdy
or Ox dr Oy Or Js Ox Os

Oy Os’

Figure 14.23 shows the dependency diagram for the first of these equations. The dia-

gram for the second equation is similar; just replace r with s.

EXAMPLE 4 Express Ow/0r and Ow/Js in terms of r and s if

w = x2+ y? X =r—s, y=r-+s.
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Solution The preceding discussion gives the following.

ow_owox  owdy  Ow_owdx  owdy
or Ox Or Oy Or Js Ox ds Oy Os
Substitute for
= 2x)(1) + 2y)(1) = 2x)(—D 4+ 2y)(1) the intermediate
variables.
=2(r — )+ 2(r + ) =-2(r—s)+2(r+s) o
= 4r = 4s [ |

If f is a function of a single intermediate variable x, our equations are even simpler.

Ifw = f(x)and x = g(r,s), then

Ow _ dwdx

ow _ dwOx
Chain Rule E T dx Or I Ac

d — = .
an Os dx Os

w=f(x)

In this case, we use the ordinary (single-variable) derivative, dw/dx. The dependency dia-
gram is shown in Figure 14.24.

Implicit Differentiation Revisited

The two-variable Chain Rule in Theorem 5 leads to a formula that takes some of the alge-
bra out of implicit differentiation. Suppose that

%—W =dwox 1. The function F(x, y) is differentiable and

r dx or

ow  dw ox 2. The equation F(x, h(x)) = 0 defines y implicitly as a differentiable function of x, say
95 dx os y = h(x).

FIGURE 14.24 Dependency diagram for Sincew = E(x, h(x)) = 0, the de'rivative.dw/'dx must be zero. Computing the derivative
from the Chain Rule (dependency diagram in Figure 14.25), we find

differentiating f as a composite function of

rand s with one intermediate variable. dw dx dy Theorem 5 with
O0=—=F—+F — :
dx dx Ydx t=xand f = F
dy
:Fx-l+FV-dx.

If F, = Ow/0y = 0, we can solve this equation for dy/dx to get
ﬂ o F

dx  F.

y

We state this result formally.

THEOREM 8—A Formula for Implicit Differentiation
Suppose that F(x, y) is differentiable and that the equation F'(x, y) = 0 defines

FIGURE 14.25  Dependency diagram for y as a differentiable function of x. Then, at any point where F y = 0,

differentiating w = F(x,y) with
respect to x. Setting dw/dx = 0leads to a ﬂ _ _i (1
simple computational formula for implicit dx Fy
differentiation (Theorem 8).
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EXAMPLE 5 Use Theorem 8 to find dy/dx if y> — x* — sinxy = 0.

Solution Take F(x,y) = y> — x? — sin xy. Then
dy F,  —2x—ycosxy 2x+ ycosxy

dx F_v T 2y —xcosxy 2y — xcosxy
This calculation is significantly shorter than a single-variable calculation using implicit

differentiation. |

The result in Theorem 8§ is easily extended to three variables. Suppose that the equa-
tion F(x,y,z) = 0 defines the variable z implicitly as a function z = f(x, y). Then, for
all (x, y) in the domain of f, we have F(x,y, f(x,y)) = 0. Assuming that F and f are
differentiable functions, we can use the Chain Rule to differentiate the equation
F(x,y,z) = 0 with respect to the independent variable x:

o_ OFOx  OFdy  OF:
Ox O0x Jydx 0z Ox

9z y is constant when
=F -1+ F -0+ F,-—=, we differentiate
’ Ox with respect to x.
o)
0z
F.+F — =0.
* “0x
A similar calculation for differentiating with respect to the independent variable y gives
Fo+r%E o
Z 8)}

Whenever F, = 0, we can solve these last two equations for the partial derivatives of

z = f(x,y) to obtain

—= == and — = -——-. 2)

An important result from advanced calculus, called the Implicit Function Theorem,
states the conditions for which our results in Equations (2) are valid. If the partial deriva-
tives F, I, and F, are continuous throughout an open region R in space containing the
point (x,, ¥o» Zo )» and if for some constant ¢, F(x,, vy, 2,) = ¢ and F, (xq, v¢»29) = 0,
then the equation F(x, y,z) = c defines z implicitly as a differentiable function of x and y
near (x,, ¥y, Z, ), and the partial derivatives of z are given by Equations (2).

EXAMPLE 6 Find%and%at(O,O,O)ifx3 + z2 + ye** + zcosy = 0.

X y
Solution Let F(x,y,z) = x3 4+ z> + ye* + zcosy. Then

F, = 3x? 4 zye™, F, = e — zsiny, and F. = 2z + xye* + cos y.

y
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Since F(0,0,0) = 0,F,(0,0,0) = 1 = 0, and all first partial derivatives are continu-
ous, the Implicit Function Theorem says that F(x, y,z) = 0 defines z as a differentiable
function of x and y near the point (0, 0, 0). From Equations (2),

Oz _ _F, _  3x? + zye® and 9z _ F, e —zsiny
ox F, 27 + xye* + cosy Jy F, 27 + xye*® + cosy’
At(0,0,0) we find
0z 0 0z 1
—=-—-——=0 and — =—=-1 |
Ox 1 Jy 1

Functions of Many Variables

We have seen several different forms of the Chain Rule in this section, but each one is just
a special case of one general formula. When solving particular problems, it may help to
draw the appropriate dependency diagram by placing the dependent variable on top, the
intermediate variables in the middle, and the selected independent variable at the bottom.
To find the derivative of the dependent variable with respect to the selected independent
variable, start at the dependent variable and read down each route of the dependency dia-
gram to the independent variable, calculating and multiplying the derivatives along each
route. Then add the products found for the different routes.

In general, suppose that w = f(x, x,,...,x,) is a differentiable function of the
intermediate variables x,, x,, ..., x, (a finite set) and that x, x,, ..., x, are differentiable
functions of the independent variables ¢,, ¢,, ..., t,, (another finite set). Then w is a differen-
tiable function of the variables ¢,, ¢,, ..., ¢,,, and the partial derivatives of w with respect to
these variables are given by equations of the form

ow _ OwOx;  OwOx, . Ow0x,
ot,  0x, d0t;  0x, 0t, O0x, Ot,

One way to remember this equation is to think of the right-hand side as the dot product
of two n-dimensional vectors:

a_w:<aw ow 3_W>.<%% ax,,>

—_—, s s ey
ot, Ox, 0x, ox, ot;, 0, ot,
Derivatives of w with Derivatives of the
respect to the intermediate variables with
intermediate variables respect to the selected

independent variable
The first vector describes how w changes in various directions, while the second vector

indicates the velocity vector of x(¢;,) = (x,(t,), x,(¢,),..., x,(;)). These concepts will be
studied further in the next section.

Chain Rule: One Independent Variable
In Exercises 1-6, (a) express dw/dt as a function of ¢, both by using t =1

the Chain Rule and by expressing w in terms of ¢ and differentiating

5.w =2ye* —Inz, x =1In(t2+1), y=tan"'t, z = e’}

6. w =z—sinxy, x =1t y=1Int, z=e¢"" =1

directly with respect to . Then (b) evaluate dw/dt at the given value

of t.
1.w

2. w
3. w

4. w
t

=x2+y? x=cost, y=sint; t =7

Chain Rule: Two and Three Independent Variables
In Exercises 7 and 8, (a) express 9z/0u and 0z/0v as functions of u
and v both by using the Chain Rule and by expressing z directly in

— 2 2 : _ Coinge o —
= X% +y% x =cost+sint, y = cost —sint; ¢ =0 terms of u and v before differentiating. Then (b) evaluate 0z/Ju and
=X 4 X, x = cos2t, y =sin?t, z=1/t; t =23 0z/0v at the given point (u, v).

: 7.z = 4e*Iny, x = In(ucosv), y = usiny;
= In(x2 + y2 + z%), x = cost, y = sint, z = 41, (v) = (2.7/4)

=3



8.z = tan7!(x/y), x = ucosv, y = usinu;
(u,v) = (1.3,7/6)

In Exercises 9 and 10, (a) express dw/Ou and Ow/Ov as functions of
u and v both by using the Chain Rule and by expressing w directly in
terms of u and v before differentiating. Then (b) evaluate dw/Ou and
Ow/0v at the given point (u, v).
9w =xy+yz+xz, x=u+v, y=u—v z=uu
(u,v) = (1/2,1)
10. w = In(x2 + y? + z2), x = ue’sinu, y = ue"cosu,
z = ue; (u,v) = (-2,0)

In Exercises 11 and 12, (a) express Qu/dx, du/dy, and Ou/0z as func-

tions of x, y, and z both by using the Chain Rule and by expressing u

directly in terms of x, y, and z before differentiating. Then (b) evaluate

Ou/0x,0u/dy, and Ou/0z at the given point (x, y, 7).

11-'4:%, p=x+y+z g=x—-y+z
r=x+y-2z (xyz) = (VY321

12. u = e?sin"'p, p =sinx, g = z*Iny, r = 1/z;
(x,y,2) = (m/4,1/2,—1/2)

Using a Dependency Diagram
In Exercises 13-24, draw a dependency diagram and write a Chain
Rule formula for each derivative.

13, % for z = f(x,y), x = g(t), y = h(r)

14. %forz = Fluyo,w), u = g@), v = h(t), w = k(®)

15. a—wanda—wfor w = h(x,y,2), x = f(u,v), y= g(u,v),
ou ov

7z = k(u,v)

(3_2/ and g_v; for w = f(r,s,t), r = g(x,y), s = h(x,y),

t = k(x,y)
ow ow

17. =— and =— for w = g(x,y), x = h(u,v), y = k(u,v)
Ou ov

ow ow

18. — and 8_y for w

ox

16.

glu,v), w = h(x,y), v=k(x,y)

19. — and & for z = f(x,y), x = g(t,s), y = h(t,s)
ot ds

20. 9y for y = f(u), u = g(r,s)
or

ow ow o _
21. s and o for w = g(u), u = h(s,1)

)
22. % for w = f(x,y,2,v), x = g(p.q), y = h(p,q),

z = j(p.q), v==k(p.q)

ow ow B o -
23. B and D5 forw = f(x,y), x = g(r), y = h(s)
ow o . o
24. s for w = g(x,y), x = h(r,s,t), y = k(r,s,t)
s

Implicit Differentiation

Assuming that the equations in Exercises 25-30 define y as a differ-
entiable function of x, use Theorem 8 to find the value of dy/dx at the
given point.

25. x3 =2y 4+ xy =0, (L1)

26. xy + y2 —3x -3 =0, (—L1)

14.4 The Chain Rule 839

27.x2 + xy +y2—=7=0, (1,2)
28. xe¥ + sinxy + y —In2 =0, (0,In2)
29. (x3 —yH)° +In(x2 4+ y) =1, (~1,0)
30. xe* —yer = x +y—2, (1,1)
Find the values of 9z/0x and 0z/0Jy at the points in Exercises 31-34.
3.2 —xy+yz+y3—-2=0, (1,1,1)
2.1 01 120 (2306
Xy z
33.sin(x + y) + sin(y + z) + sin(x + z) = 0, (w7, 7)
34. xe¥ + ye? +2Inx —2—-3In2 =0, (L,In2,In3)

Finding Partial Derivatives at Specified Points

35. Find Ow/Or when r = 1ls=—1if w=(x+y+2)7
x =r—sy =cos(r+s),z = sin(r + s).

36. Find Ow/Ov when u = —-Lv =2 if w=xy+Ing
x =viu,y =u+ v,z = cosu

37. Find 0w/0v when u = 0, =0 if w = x2+ (y/x),
x=u—-2v+1l,y=2u+uv-2.

38. Find 0z/0u when u = 0,0 =1 if z = sinxy 4 xsiny,
x = u?+ vy = uv.

39. Find 0z/0u and 0z/0v when u = In2,v = 1if z = Stan~'x
andx = e + Inw.

40. Find 0z/0u and 0z/0v whenu = 1, v = =2 if z = Ing and
qg = ~v+3tanlu.

Theory and Examples

41. Assume thatw = f(s® + ¢2)and f/(x) = e*. Findaa—v: and %—W
s
42. Assume that w = f(ts%%), g—(x,y) = xy, and
X
af x2 L. 0w ow
——(x,y) = —. Find — and —.
oy (©Y) = G Find G and 0

43. Assume that z = f(x,y), x = g(t), y = h(), f, (2, —1) = 3,
and f,(2,—1) = —2. If g(0) = 2, h(0) = —1, g'(0) = 5, and

() = —4, ﬁnd§

tli=o
44. Assume that z = f(x,y)°, x = g(0), y = h(), f.(1,0) = —1,
£L0) =1, and f(1,0) =2 If g@3) =1, h(3) =0,

¢3) = —3,and K'3) = 4, ﬁnd%

=3
45. Assume that z = f(w), w = g(x,y), x = 2r3 — 52, and
y=res. If g (2,1)=-3,¢,(21)=2 f(7)=~1, and

0z 0z
2,1) = 7, find = d—=—=
g(2,1) in o - an B

46. Assume that z = In(f(w)), w = g(x,y), x = ~r — s, and
y=ris. If g(2,-9)=-1g,(2,-9) =3,f(-2) = 2,

r=1,5=0

f(=2)=75, and g(2,-9) = -2, find 9z and
az Flr=3,5s=—1
E r:3,.&:—1'

47. Changing voltage in a circuit The voltage V in a circuit that
satisfies the law V = IR is slowly dropping as the battery wears
out. At the same time, the resistance R is increasing as the resistor
heats up. Use the equation

av _ ovdl  9VdR
dt — 0Idt ORdt
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to find how the current is changing at the instant when
R = 600 ohms, I = 0.04 amp, dR/dt = 0.50hm/sec, and
dVv/dt = —0.01volt/sec.

14

+ -
Battery
1
R

48. Changing dimensions in a box The lengths a, b, and ¢ of the
edges of a rectangular box are changing with time. At the instant in
question, a = 1m, b = 2m, ¢ = 3m, da/dt = db/dt = 1m/sec,
and dc/dt = —3m/sec. At what rates are the box’s volume V

and surface area S changing at that instant? Are the box’s interior
diagonals increasing in length or decreasing?

49. If f(u,v,w) is differentiable and u = x — y,v = y — z, and
w = z — x, show that
or L of of

ox 0y 0z

50. Polar coordinates Suppose that we substitute polar coordi-
nates x = rcosf and y = rsin@ in a differentiable function

w = f(xvy)'

a. Show that
66—2} = f,cos0 + f sin0
and
1ow . .
pr-vie fosin0 + f cosd.
b. Solve the equations in part (a) to express f, and f). in terms of
Ow/0r and Ow/00.
c. Show that
. . ow\? 1 (aw)z
2 2 _ [OW (9w
() + () (8r) T 2\ag)

51. Laplace equations Show that if w = f(u,v) satisfies the
Laplace equation f,, + f,, = 0 and if u = (x? — y?)/2 and
v = xy, then w satisfies the Laplace equation w,, + w,, = 0.

52. Laplace equations Letw = f(u) + g(v), where u = x + iy,
v = x — iy,andi = ~/—1. Show that w satisfies the Laplace equa-
tionw,, + w,, = 0ifall the necessary functions are differentiable.

53. Extreme values on a helix Suppose that the partial derivatives
of afunction f (x, y, z) at points on the helix x = cost,y = sint,
z = tare

f, =cost, f, =sint, f =12 +1-2.
At what points on the curve, if any, can f take on extreme values?
54. A space curve Letw = x2e2’ cos 3z. Find the value of dw/dt
at the point (1,In2,0) on the curve x = cost,y = In(s + 2),
z = L.
55. Temperature on a circle Let 7 = f(x,y) be the temperature

at the point (x, y)on the circlex = cost,y = sin#,0 < t < 2m,
and suppose that
oT

oT
91— gy —4y, 2L =8y 4ax
Ox * ) oy Y *

a. Find where the maximum and minimum temperatures on the
circle occur by examining the derivatives d7/dt and d>T/dt>.

b. Suppose that T = 4x? — 4xy + 4y2. Find the maximum
and minimum values of 7 on the circle.

56. Temperature on an ellipse Let 7 = g(x,y) be the tempera-
ture at the point (x, y) on the ellipse

x:Z\/Ecost, y:\/isint, 0<t<2nm,
and suppose that
or _ . or_
Ox > Oy

a. Locate the maximum and minimum temperatures on the
ellipse by examining d7/dt and d>T/dr?.

b. Suppose that 7 = xy — 2. Find the maximum and minimum
values of T on the ellipse.

57. The temperature 7 = T(x,y) in °C at point (x,y) satis-
fies 7,(1,2) =3 and T,(1,2) = —1. If x = ¢* 2cm and

y = 2 + Intcm, find the rate at which the temperature T
changes when r = 1 sec.

58. A bug crawls on the surface z = x? — y? directly above
a path in the xy-plane given by x = f(¢) and y = g(¢). If
f(2) =4, (2) = —1,g(2) = =2, and g'(2) = —3, then at
what rate is the bug’s elevation z changing when r = 2?

Differentiating Integrals Under mild continuity restrictions, it is
true that if

F(x) = fbg(t,x)dt,

b
then F'(x) = f g, (t,x)dt. Using this fact and the Chain Rule, we

can find the derivative of

f(x)
F(x) = f g(t,x)dt
by letting
G(u,x) = fug(l,x)dt,

where u = f(x). Find the derivatives of the functions in Exercises 59
and 60.

X2

59. F(x) = fo Jit+ 3 ar
1

60. F(x) = fzx/t3 T x2dr

61. Water is flowing into a tank in the form of a right-circular cylinder
at the rate of (4/5) ft*/min. The tank is stretching in such a way
that even though it remains cylindrical, its radius is increasing at
the rate of 0.002 ft/min. How fast is the surface of the water ris-
ing when the radius is 2 ft and the volume of water in the tank is
207 ft3?

62. Suppose f is a differentiable function of x, y, and z and
u= f(x,y,z). Then if x = rsin¢cosf,y = rsin¢sind,
and z = rcos ¢, express Qu/dr, Qu/D¢p, and Ju/00 in terms of
Ou/dx,0ufdy, and Qu/0z.

63. At a given instant, the length of one leg of a right triangle is 10 ft,
and it is increasing at the rate of 1 ft/min, and the length of the
other leg of the right triangle is 12 ft, and it is decreasing at
the rate of 2 ft/min. Find the rate of change of the measure of the
acute angle opposite the leg of length 12 ft at the given instant.



